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Abstract
Composite material (CM) has been used for manufacturing from small structures to complex structures such as aircraft, ships, and space vehicles to increase the structure's corrosion resistance and decrease the structure's weight compared to pure materials. During the production process or during assembly of the structures, delamination may occur between two layers in different shapes such as circular, spherical, eggs, or elliptical. This delamination is a common cause of failure in composite laminates of sandwich structures, which can become unstable under different loading conditions. Understanding this instability is essential in designing composite and sandwich structures. In this study, firstly, a literature review has been done to describe the effect of delamination in a composite structure. Secondly, the reasons and solutions have been depicted in the different studies. Finally, as stress and strain are critical factors in determining structural strength, strain and potential energy have been calculated from previous studies' equations using a novel algorithm (MATLAB) to analyze the effect of elliptical delamination in a quasi-isotropic composite material. The results also have been compared with the previously calculated results done by the finite element (FE) and Rayleigh-Ritz (R-R) method.
Introduction
Material composites are those composed of two or more materials bonded at their interfaces. The region is large enough to be considered continuous. Various materials like reinforced rubber and filled polymers, mortars and concrete, alloys, porous and cracked media, fiber composites, and polycrystalline aggregates (metals) fall into this category (Hashin, 1983). The history of composite material (CM) is not new; thousands of years ago, mankind used composite materials to reinforce sun-dried mud brick buildings; many of the earliest known civilizations in Mesopotamia at Sumer used straw to reinforce their constructions  (Campbell, 2010). However, composite materials can now be produced that have advantages compared to those of competing materials thanks to advances in polymer chemistry and high-strength man-made fibers. These materials have many advantages, including enhanced strength and stiffness, longer fatigue life, corrosion resistance, and reduced assembly costs by using fewer details and fasteners. Fiber-reinforced composites, especially those with carbon fibers, have higher specific strengths and specific moduli than comparable metal alloys. As a result, vehicles and planes will have better performance, a greater payload, and a longer range (for vehicles) (Campbell, 2010). A buckled sublaminate is shown in Figure 1.
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Figure 1. Plan view of a buckled sublaminate.
In addition to aircraft wings and fuselages, automobile body panels, and marine deck structures, carbon fiber reinforced polymer composites are used for a wide range of advanced structural applications. Compared to conventional aluminum alloys, composites have high specific strength and stiffness. This would result in a lighter structure and cost savings for the industry. It was reported that a weight reduction of 1 kg in an aircraft structure can save 2900 liters of fuel annually (Flower & Soutis, 2003). Especially for large engineering structures such as aircraft and ships, composite structures are increasingly being designed and analyzed. New Boeing and Airbus airliners use a greater proportion of composite materials, resulting in reduced structural weight and improved performance. In helicopters, composites are particularly useful for vibration/noise control. In the design of various types of aircraft, the increased use of composites has become an influential metric. It is possible to design more freely with anisotropic composites than with conventional materials. They have, however, encountered some difficulties in the structural analysis due to the increased number of design parameters. Composite laminated plates that are thin may buckle before reaching their strength limit as shell  structures. Engineering structures can buckle in a variety of ways, such as global or local deflections, leading to the collapse of the structure. As a result, structural components must be designed to avoid buckling failures (Xu et al., 2013).
In laminated composites, however, delamination is generally recognized as one of the earliest failure modes. The reason for this is the relatively low interlaminar strength. A manufacturing defect or a low-velocity impact could cause delamination (Johar et al., 2017; Sellitto et al., 2019; Soutis, 2005; Turon et al., 2006). Delamination may be of different shapes, strips, rectangles, and ellipses. Figure 2 shows the 3D view of buckling in a sublaminate. In this study, only the ellipse shape has been considered for the new approach to the solution.
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Figure 2. 3D view of buckled in a sublaminate (Sellitto et al., 2019).


Previous Studies

Delamination of composite panels is one of the most prevalent damage forms in composite structures, and it can significantly reduce their load-carrying capacity when caused by foreign objects or improper manufacturing. There is a risk of delamination cracks growing rapidly under compressive loads, unlike fatigue fractures in metallic materials, which occur under extensional loads (Xu et al., 2013). There is a tendency for composite structures to delaminate, reduce strength and stiffness, and limit the lifetime of the structure. The prevalence of composite material (CM) has caused designers to look for ways to delay or prevent delamination so that the structure's life and load-bearing capability will be increased (Garg, 1988). Among fiber-reinforced composites, delamination is a critical failure mode.  Multiple delaminations can result from impact loading, as well as sublaminate buckling, significantly reducing residual compressive strength.  Additionally, delamination plays an important role in in-plane failure by joining transverse matrix cracks. In quasi-isotropic laminates loaded in tension at an off-axis angle, a characteristic pattern of edge damage causes large reductions in in-plane strength. Delamination can still result in large strength reductions even when continuous fibers run in the loading direction, especially when plies of the same orientation are blocked together (Wisnom, 2012). 

Moreover, the reduction of stiffness caused by delaminations reduces the natural frequency, which may cause resonance if the reduced frequency is close to the working frequency (Della & Shu, 2007). Another reason for delamination is the drilling process, which is a crucial final manufacturing step for composite laminates. Therefore, drilling-induced delamination is the most critical failure mode during drilling of composite laminates, resulting in heavy losses in the industry. According to reports, 60% of composite laminates are rejected during final assembly due to drilling-induced delamination damages (Al-Wandi et al., 2017; Fleischer et al., 2018; Geng et al., 2019; Stone & Krishnamurthy, 1996; Wang et al., 2018). 

Detecting damage (delamination) and monitoring the health of composite structures are both critical needs and requirements (Zou et al., 2000). Vibration-based model-dependent methods are a promising option for composite structures incorporating piezoelectric sensors and actuators (Zou et al., 2000). In terms of the dynamic response parameters analyzed, these methods can be divided into modal analyses, frequency domain analyses, time domain analyses, and impedance domain analyses. The modal analysis provides information on global and local damage. These methods are relatively easy to use and cost-effective. However, these methods still face many challenges and obstacles before they can be implemented in practice  (Zou et al., 2000). Under axial compression or lateral pressure, or even a combination of those two, an exact solution was derived for buckling of a circular cylindrical shell with many orthotropic layers and a large number of eccentric stiffeners. Due to the presence of eccentric stiffeners and different layers in the shell, the coupling between bending and extension can be studied using this theory  (Jones, 1967). 

In a study, it is shown that the governing equations of an anisotropic laminated plate are formulated using the basic assumptions of the thin-plate theory, including nonlinear terms. In addition, there is a closed-form solution for bending, flexural vibration, and buckling in laminates that exhibit unavoidable coupling between bending and stretching (Whitney & Leissa, 1969).
Using the Galerkin method, a research study examines the buckling problem of anisotropic composite plates. A plate is created from particulate or fiber-reinforced composite material, simply supported, and is subjected to a combination of uniform membrane loads. This study conducted to determine whether various coupling responses affect the buckling load of a plate and how the buckling interaction equation can be applied in different situations (Chamis, 1969). The Galerkin method is an effective algorithm for solving differential equations, and it can also be used to establish an eigenvalue problem for linear buckling analysis. Finite Strip Methods (FSM) are also being investigated as efficient methods to predict buckling loads.  One of the most commonly used theories for the approximation of buckling analysis is the Rayleigh-Ritz method, based on energy variational theory. Choosing an appropriate displacement shape function is crucial for this method in order to properly describe the deflection of the plate in its buckled state and satisfy the boundary conditions at the same time (Xu et al., 2013).  Using the Rayleigh-Ritz method, the following methodology sections describe the solution using MATLAB.
Methodology

A numerical calculation has been performed using the MATLAB algorithm, a novel solution approach.

Table 1. Nomenclature (Shivakumar & Whitcomb, 1985a).

	Symbols
	Represent
	Unit

	a
	half-length of an elliptical sub laminate
	m

	b
	the half-width of an elliptical sub laminate
	m

	w
	transverse (in the z-direction) deflection
	m

	D's
	flexural stiffness coefficients of the sublaminate
	N/m

	C0
	generalized displacement
	m

	C1 , C2
	generalized displacement
	  m-1

	x-y-z
	sublaminate cartesian coordinate system
	

	x', y',x'
	base laminate cartesian coordinate system
	

	A's
	inplane stiffness coefficients of the sublaminate
	N/m

	, , 
	sublaminate stress resultants
	N/m

	
	sublaminate strain
	

	
	angle between x and x' axes
	degree

	
	poisson's ration of the laminate
	



The strain energy of the sublaminate can be written as follows   (Ashton & Whitney, 1970; Shivakumar & Whitcomb, 1985b)

                                                                   (1)
where,
           (2)

for ellipse,, hence
       (3)

First, transfer the coordinate system into non-dimensionless coordinates by setting:
     (4)
Similarly, by setting,

    (5)
Now, equations (3) and (2) can be written as follows,

        (6)                       

For a 1-term solution,

           (7)

Using the MATLAB, from equations (6) and (7),

          (8)
where, 
 and K is the stiffness matrix
        (9)
where,
 = 

 = 

= 

=  


The potential energy of applied loads can be written as follows (Ashton & Whitney, 1970; Shivakumar & Whitcomb, 1985).


         (10)
where,
          (11)
          (12)
          (13)
          (14)
          (15)
           (16)
If we consider 
          (17)
          (18)
           (19)

for ellipse,, and substituting,  and ,
          (20)
          (21)
Now, equation (10) can be written as,
       (22)   

For one term solution, 
      (23)
       

Using the MATLAB, from equations (19) and (20),


      (24)
where, 
 and  is the stiffness matrix.
        (25)

          (26)

          (27)


Now total potential energy is the sum of the U and V from equations (8) and (24)
        (28)

Using MATLAB and applying the Trefftz criterion (Lovell, 1975), after differentiating the potential energy with respect to  (two times), that yields the following equation. Here,  is one term buckling strain,

 = 0







(29)

Results and discussion
Equation (29) is the final equation for this study. Now consider the following data: a plot has been drawn using MATLAB to check the buckling strain by changing the width of b. Figure 3 shows the decreasing trend in strain while increasing the width of b.
b  =  25 mm  to 150 mm (range)
a = 25.4 mm
E = 68.95 GPa (Aluminium)

   ; h=0.51 mm

  
 = 
 =  
 = 
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Figure 3. Buckling strain vs. width of aluminum sublaminate.
Conclusions and future work
This study mainly focuses on elliptical 90-degree sub-laminate buckling strain solutions for considering the one-term solution. Results might be different if three and six terms solutions have been considered. Results show different tread compared to the solution done by the same Rayleigh-Ritz Method. Finite element analysis can be used to numerically calculate different systems, for example, beam analysis (Hasan et al., 2022; Muktadir et al., 2021a; Muktadir et al., 2021b). In the future, the finite element approach will be considered to compare the results. As a novel algorithm has been developing, this study will be continued under the following conditions.
1. FE analyses with ANSYS will be done to compare the results. In that analysis, the effect of material changes will also be analyzed.
2. Two and three terms solutions will be completed and compared with the FE analyses.
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